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Two-player quantum pseudotelepathy based on recent all-versus-nothing violations of
local realism
Ada´n Cabello∗
Departamento de F´ısica Aplicada II, Universidad de Sevilla, 41012 Sevilla, Spain
(Dated: August 9, 2018)
We introduce two two-player quantum pseudotelepathy games based on two recently proposed
all-versus-nothing (AVN) proofs of Bell’s theorem [A. Cabello, Phys. Rev. Lett. 95, 210401 (2005);
Phys. Rev. A 72, 050101(R) (2005)]. These games prove that Broadbent and Me´thot’s claim that
these AVN proofs do not rule out local-hidden-variable theories in which it is possible to exchange
unlimited information inside the same light cone (quant-ph/0511047) is incorrect.
PACS numbers: 03.67.Hk, 03.65.Ud, 03.67.Pp
I. INTRODUCTION
A game consisting of “questions given to space-like sep-
arated players who must give answers satisfying a certain
relation with the questions (. . . ), which cannot be won
with certainty by classical players who share common
classical information, whereas it can be won with cer-
tainty by quantum players who share entanglement, is
a pseudotelepathy game” [1]. Quantum pseudotelepa-
thy (QPT) is a particular type of entanglement-assisted
reduction of communication complexity [2] in Yao’s sce-
nario [3]. To my knowledge, the first QPT game was
the three-player game proposed by Vaidman [4, 5] from
Mermin’s version [6] of the proof of Greenberger, Horne,
and Zeilinger [7] of Bell’s theorem [8]. A rotationally in-
variant version of Vaidman’s game was proposed in [9].
Vaidman’s game was extended for more players in [10].
Indeed, Vaidman [5] was also the first to suggest that
a two-player QPT game could be derived from the two-
observer all-versus-nothing (AVN) proof proposed in [11].
QPT games based on this AVN proof were developed by
Aravind [12], Cleve and Mermin (see [12]), and Brassard,
Broadbent, and Tapp [13]. Indeed, the name QPT was
coined by Brassard, Broadbent, and Tapp [10, 13].
Recently, two new two-observer AVN proofs have been
proposed [14, 15]. In a recent paper [1], Broadbent and
Me´thot state that these new AVN proofs: (a) do not
“rule out a certain class of of local-hidden-variable mod-
els, those that do not use hidden travelling information”
(i.e., those in which “it is possible that particles inside the
same light cone can exchange unlimited information”),
and (b) cannot be translated into QPT games involving
two players.
Both claims are incorrect for the same reason. The
two-observer AVN proofs of Refs. [14, 15] have two parts.
In the first one, the status of Einstein-Podolsky-Rosen’s
(EPR’s) element of reality [16] is established for some lo-
cal observables. This attribution of elements of reality is
based on some predictions of quantum mechanics for a
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two-particle system prepared in a specific quantum state.
In the second part, a logical inconsistency between these
elements of reality appears when some additional pre-
dictions of quantum mechanics are taken into account.
Broadbent and Me´thot point out that the predictions of
the second part can be simulated within classical physics.
However, they ignore the predictions of the first part.
The point is that it is the whole set of quantum predic-
tions which cannot be simulated within classical physics.
This two-part structure is similar to that of Bell’s orig-
inal proof [8]. First, Bell points out that some predictions
of quantum mechanics for the singlet state |ψ−〉 allow us
to identify any local spin observable Xj as an EPR ele-
ment of reality. Specifically, the quantum predictions he
uses are that X1X2|ψ−〉 = −|ψ−〉 for any X . He then
derives an inequality which is valid under the assump-
tion that spin observables are elements of reality. In the
second part, he proves that another set of quantum pre-
dictions violates this inequality. This second set of quan-
tum predictions is 〈ψ−|A1B2|ψ−〉 = 〈ψ−|A1b2|ψ−〉 =
〈ψ−|a1B2|ψ−〉 = −〈ψ−|a1b2|ψ−〉 = 1/
√
2, for some spe-
cific A, a, B, and b such that A 6= B, A 6= b, a 6= B,
and a 6= b [17]. Note, however, that only the predictions
of the second set are tested in experimental violations of
Bell’s inequalities [18].
Both Refs. [14, 15] contain “games,” which were not
designed as QPT games, but (as it is specifically stated)
as tools “to estimate the detection efficiency required to
avoid the detection loophole” in Bell-type experiments
based on the proofs in Refs. [14, 15].
In this paper we show that the two-observer AVN
proofs in Refs. [14, 15] can be translated into two-player
QPT games, without any mention of the concept of
EPR’s element of reality. The fact that these games can-
not always be won using only classical resources proves
indeed that no local-hidden-variable theory (even those
in which it is possible to exchange unlimited information
inside the same light cone) can reproduce the predictions
of quantum mechanics, and therefore constitutes a refu-
tation of both of Broadbent and Me´thot’s claims.
2Bob/Alice X1&z1? Z1&x1? Y1&z1? Z1&y1? X1&x1? X1&y1? Y1&x1? Y1&y1?
X2&z2?
{
X1 = X2z2
X1z1 = X2
z1 = z2 X1 = X2z2 X1 = X2z2
Z2&x2?
{
Z1x1 = x2
x1 = Z2x2
Z1 = Z2 x1 = Z2x2 x1 = Z2x2
Y2&z2? z1 = z2
{
Y1 = −Y2z2
Y1z1 = −Y2
Y1 = −Y2z2 Y1 = −Y2z2
Z2&y2? Z1 = Z2
{
Z1y1 = −y2
y1 = −Z2y2
y1 = −Z2y2 y1 = −Z2y2
Y2&y2? Y1z1 = −Y2 Z1y1 = −y2 X1x1 = Y2y2
Y2&x2? Z1x1 = x2 Y1z1 = −Y2 X1y1 = Y2x2
X2&y2? X1z1 = X2 Z1y1 = −y2 Y1x1 = X2y2
X2&x2? X1z1 = X2 Z1x1 = x2 Y1y1 = X2x2
TABLE I. Rules of the two-player QPT game. Each of two players Alice and Bob is asked one out of eight possible questions.
If the intersection between one of the questions Alice is asked (upper row) and one of the questions Bob is asked (left column)
is empty, then it means that this particular combination of questions never occurs in the game. For the other
28 combinations, the intersections show the requirements for winning those particular rounds.
II. RULES OF THE TWO-PLAYER QPT GAME
Consider a team of two players, Alice and Bob, each
of them in a spacelike separated region. Each of them is
asked one out of eight possible questions: (i) what are X
and z?, (ii) what are Z and x?, (iii) what are Y and z?,
(iv) what are Z and y?, (v) what are X and x?, (vi) what
are X and y?, (vii) what are Y and x?, and (viii) what
are Y and y? Each player must give one of the following
answers: −1 and −1, −1 and 1, 1 and −1, or 1 and 1.
The rules of the game can be found in Table I. If the
intersection between one of the questions Alice is asked
and one of the questions Bob is asked is empty in Table I,
then it means that this particular combination of ques-
tions never occurs during the game. In the intersections
for the other 28 combinations, Table I shows the require-
ments for winning those particular rounds. For instance,
if Alice is asked, what are X1 and z1?, and Bob is asked,
what are X2 and z2?, they win if their answers satisfy
X1 = X2z2 and X1z1 = X2.
III. PROOF THAT CLASSICAL PLAYERS
CANNOT ALWAYS WIN
Let us assume, as Broadbent and Me´thot suggest, that
Alice’s answer to X1 can be different when X1 is asked
jointly with x1 than when X1 is asked jointly with y1 or
when X1 is asked jointly with z1. Let us denote these an-
swers as v(X1|x1), v(X1|y1), and v(X1|z1), respectively.
Using a similar notation for the answers to all the other
questions in all possible scenarios, it can be immediately
seen that, in order to satisfy all the requirements given in
Table I, these answers must satisfy the following 32 equa-
tions:
v(X1|z1) = v(X2|z2)v(z2|X2), (1)
v(X1|z1)v(z1|X1) = v(X2|z2), (2)
v(z1|Y1) = v(z2|X2), (3)
v(X1|x1) = v(X2|z2)v(z2|X2), (4)
v(X1|y1) = v(X2|z2)v(z2|X2), (5)
v(Z1|x1)v(x1|Z1) = v(x2|Z2), (6)
v(x1|Z1) = v(Z2|x2)v(x2|Z2), (7)
v(Z1|y1) = v(Z2|x2), (8)
v(x1|X1) = v(Z2|x2)v(x2|Z2), (9)
v(x1|Y1) = v(Z2|x2)v(x2|Z2), (10)
v(z1|X1) = v(z2|Y2), (11)
v(Y1|z1) = −v(Y2|z2)V (z2|Y2), (12)
v(Y1|z1)v(z1|Y1) = −v(Y2|z2), (13)
v(Y1|x1) = −v(Y2|z2)v(z2|Y2), (14)
v(Y1|y1) = −v(Y2|z2)v(z2|Y2), (15)
v(Z1|x1) = v(Z2|y2), (16)
v(Z1|y1)v(y1|Z1) = −v(y2|Z2), (17)
v(y1|Z1) = −v(Z2|y2)v(y2|Z2), (18)
v(y1|X1) = −v(Z2|y2)v(y2|Z2), (19)
v(y1|Y1) = −v(Z2|y2)v(y2|Z2), (20)
v(Y1|z1)v(z1|Y1) = −v(Y2|y2), (21)
v(Z1|y1)v(y1|Z1) = −v(y2|Y2), (22)
v(X1|x1)v(x1|X1) = v(Y2|y2)v(y2|Y2), (23)
3v(Z1|x1)v(x1|Z1) = v(x2|Y2), (24)
v(Y1|z1)v(z1|Y1) = −v(Y2|x2), (25)
v(X1|y1)v(y1|X1) = v(Y2|x2)v(x2|Y2), (26)
v(X1|z1)v(z1|X1) = v(X2|y2), (27)
v(Z1|y1)v(y1|Z1) = −v(y2|X2), (28)
v(Y1|x1)v(x1|Y1) = v(X2|y2)v(y2|X2), (29)
v(X1|z1)v(z1|X1) = v(X2|x2), (30)
v(Z1|x1)v(x1|Z1) = v(x2|X2), (31)
v(Y1|y1)v(y1|Y1) = v(X2|x2)v(x2|X2). (32)
In order to satisfy Eqs. (1), (4), and (5),
v(X1|z1) = v(X1|x1) = v(X1|y1) ≡ v(X1). (33)
In order to satisfy Eqs. (7), (9), and (10),
v(x1|Z1) = v(x1|X1) = v(x1|Y1) ≡ v(x1). (34)
In order to satisfy Eqs. (12), (14), and (15),
v(Y1|z1) = v(Y1|x1) = v(Y1|y1) ≡ v(Y1). (35)
In order to satisfy Eqs. (18)–(20),
v(y1|Z1) = v(y1|X1) = v(y1|Y1) ≡ v(y1). (36)
Multiplying Eqs. (6) and (7) and taking into account
Eq. (8), we find that
v(Z1|x1) = v(Z1|y1) ≡ v(Z1). (37)
Multiplying Eqs. (1) and (2) and taking into account
Eq. (3), we find that
v(z1|X1) = v(z1|Y1) ≡ v(z1). (38)
In order to satisfy Eqs. (2), (27), and (30),
v(X2|z2) = v(X2|y2) = v(X2|x2) ≡ v(X2). (39)
In order to satisfy Eqs. (6), (24), and (31),
v(x2|Z2) = v(x2|Y2) = v(x2|X2) ≡ v(x2). (40)
In order to satisfy Eqs. (13), (21), and (25),
v(Y2|z2) = v(Y2|y2) = v(Y2|x2) ≡ v(Y2). (41)
In order to satisfy Eqs. (17), (22), and (28),
v(y2|Z2) = v(y2|Y2) = v(y2|X2) ≡ v(y2). (42)
Multiplying Eqs. (6) and (7) and taking into account
Eq. (16), we find that
v(Z2|x2) = v(Z2|y2) ≡ v(Z2). (43)
Multiplying Eqs. (1) and (2) and taking into account
Eq. (11), we find that
v(z2|X2) = v(z2|Y2) ≡ v(z2). (44)
Therefore, we have established that, in order to win some
of the rounds, Alice’s answer to X1 must be the same
whenX1 is asked jointly with x1, whenX1 is asked jointly
with y1, and when X1 is asked jointly with z1. Analo-
gously for Alice’s answers to x1, Y1, y1, Z1, and z1 and
Bob’s answers to X2, x2, Y2, y2, Z2, and z2 [19].
Having proven this, there are many ways to prove that
the players cannot win all rounds (see [15] for details).
For instance, in order to satisfy also Eqs. (4), (14), (23),
and (29),
v(X1) = v(X2)v(z2), (45)
v(Y1) = −v(Y2)v(z2), (46)
v(X1)v(x1) = v(Y2)v(y2), (47)
v(Y1)v(x1) = v(X2)v(y2), (48)
respectively. However, it is impossible to assign the val-
ues −1 or 1 in a way consistent with all Eqs. (45)–(48)
since the product of Eqs. (45)–(48) gives 1 = −1. We
therefore conclude that the players cannot always win
the game.
IV. ENTANGLEMENT-ASSISTED STRATEGY
There is, however, a quantum entanglement-assisted
strategy that allows the players to always win the game.
Suppose that Alice and Bob share two photons entan-
gled both in polarization and in path degrees of freedom
prepared in the state
|ψ〉 = 1
2
(|Hu〉1|Hu〉2 + |Hd〉1|Hd〉2 + |V u〉1|V u〉2
−|V d〉1|V d〉2), (49)
where |H〉j and |V 〉j represent horizontal and vertical po-
larization and |u〉j and |d〉j denote two orthonormal path
states for photon j. Consider also six local observables
on photon j: three for polarization degrees of freedom,
defined by the operators
Xj = |H〉j〈V |+ |V 〉j〈H |, (50)
Yj = i (|V 〉j〈H | − |H〉j〈V |) , (51)
Zj = |H〉j〈H | − |V 〉j〈V |, (52)
and three for path degrees of freedom,
xj = |u〉j〈d|+ |d〉j〈u|, (53)
yj = i (|d〉j〈u| − |u〉j〈d|) , (54)
zj = |u〉j〈u| − |d〉j〈d|. (55)
Each of these observables can take two values: −1 or 1.
The state (49) satisfies the following equations:
Z1Z2|ψ〉 = |ψ〉, (56)
z1z2|ψ〉 = |ψ〉, (57)
X1X2z2|ψ〉 = |ψ〉, (58)
4x1Z2x2|ψ〉 = |ψ〉, (59)
X1z1X2|ψ〉 = |ψ〉, (60)
Z1x1x2|ψ〉 = |ψ〉, (61)
Y1Y2z2|ψ〉 = −|ψ〉, (62)
y1Z2y2|ψ〉 = −|ψ〉, (63)
Y1z1Y2|ψ〉 = −|ψ〉, (64)
Z1y1y2|ψ〉 = −|ψ〉, (65)
X1x1Y2y2|ψ〉 = |ψ〉, (66)
X1y1Y2x2|ψ〉 = |ψ〉, (67)
Y1x1X2y2|ψ〉 = |ψ〉, (68)
Y1y1X2x2|ψ〉 = |ψ〉. (69)
Therefore, if the players give as answers the results of
the corresponding measurements on their photons, then
these answers satisfy all Eqs. (1)–(32). This result, to-
gether with the result proved in Sec. III, shows that the
game presented in Sec. II is a QPT game according to
the definition given in Sec. I.
V. OPTIMAL CLASSICAL STRATEGY
The choice of the best classical strategy depends on the
relative frequency of the possible combinations of ques-
tions. Assuming that the 28 possible combinations occur
with the same frequency, if the players always answer 1
to any question except to Y2 and y2, for which Bob gives
the answer −1, then they win in 26 of the 28 combina-
tions; this strategy fails to satisfy Eqs. (26) and (29). As
a careful examination reveals, this classical strategy is
optimal.
VI. SIMPLER TWO-PLAYER QPT GAME
The QPT game described in the previous sections has
the virtue of containing not only the simpler two-observer
AVN proof presented in Ref. [14], but also the extended
AVN proof of Ref. [15]. However, a simpler QPT game
can be obtained from the simpler two-observer AVN
proof of Ref. [14]. The rules of this new game are in-
deed a subset of the rules of the previous game. The
rules of the new game are explained in Table II.
The proof that classical players cannot always win this
game follows from the fact that, in order to satisfy all
the requirements given in Table II, Eqs. (1)–(4), (9)–(14),
(21)–(23), and (27)–(29) must be satisfied.
From Eqs. (1) and (4) it follows that v(X1|z1) =
v(X1|x1) ≡ v(X1). From Eqs. (12) and (14) it follows
that v(Y1|z1) = v(Y1|x1) ≡ v(Y1). From Eqs. (9) and
(10) it follows that v(x1|X1) = v(x1|Y1) ≡ v(x1). From
Eqs. (2) and (27) it follows that v(X2|z2) = v(X2|y2) ≡
v(X2). From Eqs. (13) and (21) it follows that v(Y2|z2) =
v(Y2|y2) ≡ v(Y2). From Eqs. (22) and (28) it follows
that v(y2|Y2) = v(y2|X2) ≡ v(y2). From Eq. (3) and
the product of Eqs. (12) and (13) [or, alternatively, from
Eq. (11) and the product of Eqs. (1) and (2)] it follows
that v(z2|X2) = v(z2|Y2) ≡ v(z2) [19].
In order to satisfy also Eqs. (4), (14), (23), and (29),
Eqs. (45)–(48) must be satisfied. However, as stated be-
fore, it is impossible to assign the values −1 or 1 in a
way consistent with all Eqs. (45)–(48) since the product
of them gives 1 = −1. We therefore conclude that the
players cannot always win this new game. However, the
same entanglement-assisted strategy described in Sec. IV
would allow them to always win the game. Therefore, the
game in Table II is also a QPT game.
Assuming that the 14 possible combinations of ques-
tions occur with the same frequency, an optimal classical
strategy (for instance, all answers are 1, except Y2 and
y2 which are −1) allows the players to win with proba-
bility 13/14 [it fails to satisfy Eq. (29); other frequencies
of the combinations give lower probabilities].
VII. CONCLUSIONS
A simple four-player QPT game can be derived
from Eqs. (45)–(48) and the four-qubit version of the
state (49). The interesting point of the two QPT games
presented in this paper is that they are two-player QPT
games. Both have been derived from the two-observer
AVN proofs of Refs. [14, 15]. The main difference with
respect to Refs. [14, 15] is that here we have not explicitly
used the EPR criterion for elements of reality. Therefore,
these QPT games prove that, contrary to Broadbent and
Me´thot’s claim, the AVN proofs of Refs. [14, 15] rule out
all local-hidden-variable theories, even those in which it
is possible to exchange unlimited information inside the
same light cone. Besides the challenge of presenting new
two-player QPT games, the main goal of this paper is to
dispel any possible doubts about the correctness of these
AVN proofs and of the works in progress based on them.
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